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Abstract
We use the external field method to study the electroweak chiral Lagrangian
of the extra dimension model with brane fluctuation. Under the assump-
tion that the contact terms between the matter of the standard model and
KK excitations of the bulk gauge fields are heavily suppressed, we use the
standard procedure to integrate out the quantum fields of these KK excita-
tions and the equation of motion to eliminate the classic fields of these KK
excitations. At one-loop level, we find that up to the order O(p4), due to
the momentum conservation of the fifth dimension and the gauge symme-
try of the zero modes, there is no constraint on the size of extra dimension.
This result is consistent with the decoupling theorem. However, meaningful
constraints can come from those operators in O(p6), which can contribute
considerably to some anomalous vector couplings and can be accessible in
the LC and LHC.
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I. INTRODUCTION
Extra dimension scenario is one kind of interesting candidates for the possible new
physics beyond the standard model (SM). As we known, for a higher dimensional quan-
tum field theory, there exist several theoretical problems, the unitarity violation [1], the
ultraviolet cutoff dependence, the non-renormalizability [2], and so on. The contribution
of the infinite Kaluza-Klein (KK) towers of the bulk fields always violates the unitarity
condition of S matrix and makes it even harder to evaluate loop effects. The reference [3]
provided one way to suppress the contribution of KK excitations by considering the power
running of gauge coupling constants of non-Abelian gauge groups. The reference [4, 5]
provided another ingenious mechanism to suppress the contribution of massive KK exci-
tations by assuming that the 3-brane is flexible. In this mechanism, due to the momentum
conservation of fifth dimension, the contact interaction of matter fields localized on the
3-brane and KK excitations of the bulk fields would be exponentially suppressed. Then at
least at the tree level, the contribution of the infinite KK towers can be well regularized.
There are papers to discuss phenomenologies of this mechanism [6]. And it seems that
due to this suppression mechanism, the constraint on the size of the extra dimensions
imposed by the present experimental researches can be considerably relaxed. However, in
this brane fluctuation suppression mechanism those couplings which respect the momen-
tum conservation of the fifth dimension will not be suppressed, say couplings among KK
modes in the gauge bosonic part. This part might suffer those aforementioned theoretical
problems of higher dimensional quantum field theory which could not be solved by the
brane fluctuation. Then it seems that only the string theory could provide the radical
solutions [7].
Recently, the reference [8] used the technicolor way (the Moose diagram) to deconstruct
the extra dimensions and the reference [9] used the latticed extra dimensions to construct
the renormalizable effective theoretical description of the extra dimension models. One of
the important features is that the extra components of the bulk vector gauge bosons can
act as the Goldstone and Higgs bosons. Based on these two works, there are papers [10]
to construct realistic models. We would like to mention that the effective Lagrangian
obtained by the Refs. [8, 9] doesn’t have the contact structure as assumed in [11]
g2|φ2|2(Wµ +
√
2
∞∑
n=1
W nµ )
2 , (1)
where g is the gauge coupling constant, and Wµ is the zero mode and W
n
µ is the n-th KK
excitations of gauge bosons. Furthermore, it seems that the interaction terms among zero
and KK modes have been ignored by these authors.
After taking into account the brane fluctuation given in [4,5], it seems that the contact
structure is more likely modified to be
|φ2|2
[
(gWµ)
2 +
√
2ggnWµ
∞∑
n=1
W nµ + cdots
]
, (2)
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where gn is the effective coupling constant of the n-th KK excitations of gauge bosons to
matter of the SM, and it’s actual form will be given in the second section. If assuming
that the the effective coupling constant gn is heavily suppressed, we see the contact term
between Higgs field and KK excitations would be very very small.
Then, a common feature in the deconstructing and brane fluctuation extra dimen-
sion models is that there could be no large tree level mixing among zero mode and KK
excitations, and the constraint on extra dimensions put by LEP and SLAC could be con-
siderably relaxed. It is natural to ask that if the world is indeed as described by [4, 5]
and [8, 9], then whether there still exist a way to find the traces of KK excitations at
low energy region near the threshold of the first KK modes. Fortunately, thanks to the
couplings of the gauge bosonic part between the 0 mode and KK excitations! Since these
couplings are not exponentially suppressed and can be large, they can help us to probe
KK excitations. So in the deconstructing and brane fluctuation extra dimension models,
the bosonic part of the bulk gauge fields will act as the main probe to discover the signal
of extra dimensions.
The electroweak chiral Lagrangian (EChL) is the model-independent way to describe
the spontaneous symmetry breaking of the SU(2)×U(1) symmetry of the standard model
[12]. It can be regarded as the effective theory of the underlying theory in its low energy
region after integrating out those heavy degree of freedoms (DOF), where the dynamic
degree of freedoms are the particle contents of the SM. The operators in the Lagrangian
are consisted of the low energy DOF and can be arranged by the momentum expansion,
where the external momentum is assumed to be small compared with the mass of the
integrated-out particles. These operators can be classified as the relevant, the marginal,
and the irrelevant. And the relevant and the marginal operators are the most interesting
and heavily studied, which are normally collected in and referred as the O(p2) and O(p4)
part. The irrelevant operators are normally suppressed by the mass of heavy degree of
freedoms according to the decoupling theorem [13]. The complete set of operators in O(p6)
has been given by [14]. The coefficients of these operators form the generic theoretical
parameter space of all possible new physics at low energy scale. The dimension of this
parameter space at O(p6) is quite large. After integrating-out those heavy DOFs, a
specified underlying theory will occupy a corner of this large parameter space.
Two prices must be paid for this generality owned by the effective theory: the first
one is that the renormalizability of a underlying theory is sacrificed and the couplings of
these operators must be determined from experiments. Another one is that the theory is
invalid for the momentum larger than the scale ΛUV , and above this scale the unitarity
of the S matrix might be explicitly broken down.
The reference [15] used the EChL to study the effects of KK excitations of the graviton
and of the dilaton in large extra dimension scenarios. In this paper, we will use the
EChL to analyze the effects of KK excitation of gauge bosons of the SM in the small
extra dimension scenarios [16]. We will conduct our computation in the background
field gauge method. This method has several advantages compared with the standard
Feynman diagram method. The computation is manifestly gauge invariant at every step,
the relevant diagrams are much less, etc. And we find that, under the brane fluctuation
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suppression assumption and due to the momentum conservation of the fifth dimension
and the gauge symmetry of the zero mode, except for contributing to the renormalization
of gauge coupling and wave-function, KK excitations have no effect up to O(p4) and
this result is consistent with the decoupling theorem [13]. However we know that the
meaningful contributions of KK excitations can still come from operators higher than
O(p4), say O(p6).
The paper is organized as follows. We will briefly describe the brane fluctuation in
the second section and give the gauge boson sector using the external field method in
the third section. We will emphasize some of its features that has been ignored. We will
compute the electroweak chiral Lagrangian of KK excitations in the fourth section by
using the path integral method. Finally, the a brief discussion and conclusion is made.
II. THE BRANE FLUCTUATIONS
The total action given by [5] has by two parts: 1) the bulk part Sbulk, where gravity
and vector gauge bosons are assumed to propagate in the bulk, 2) the brane part Sbrane,
where fermion and scalar matter are assumed to be localized on the brane. The SM is
consisted of the zero mode of gravity and vector gauge bosons, matter fields confined
on the brane, and their interactions. New physics include KK excitations of gravity and
vector gauge bosons, the Nambu-Goldstone bosons, and their interactions with each other
and with the particles of the SM. In the convention of the reference [5], the bulk part
action defined in D dimension takes the form
Sbulk =
∫
dDX detE
[
−Λ + M
D−2
2
R− 1
4
GMRGNStr(FMNFRS) + · · ·
]
, (3)
where Λ, M and R are the cosmological constant, the D-dimensional fundamental scale,
and the D-dimensional scalar curvature, respectively. FMN are the Yang-Mills field
strength defined in D dimensions.
The matter fields on the brane couple to the bulk fields through the induced vielbein
and Yang-Mills fields. The d-dimension brane is assumed to embedded in the D dimension
space-time, and its action can be formulated in the following form
Sbrane =
∫
ddx det e
[
−τ + eµα(x)ψ¯(x)iγα
(↔∇µ
2
− igaµ(x)
)
ψ(x)−mψ¯(x)ψ(x) + · · ·
]
, (4)
where ψ(x) be a fermion field on the brane which is charged under the Yang-Mills gauge
group. The original paper [5] does not consider the scalar case. If we assume there are
scalar fields in the theory, we should add their corresponding terms to Sbrane.
In the flat space-time metric, the Sbrane can be reduced to∫
ddx det e (−τ) =
∫
ddx
[
−τ + 1
2
∂µφm(x)∂µφ
m(x) +
1
8τ
(∂µφm(x)∂µφ
m(x))2
− 1
4τ
(∂µφm(x)∂νφ
m(x))(∂νφn(x)∂µφ
n(x)) + · · ·
]
, (5)
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where φ is the Nambu-Goldstone boson corresponding to the spontaneous breaking of the
translation symmetry.
Assuming that the D − d dimensions are compactified, the bulk gauge field can be
Fourierly expanded in their KK modes:
AM (X
µ = xµ, Xm = Y m) =
1√
V
∑
n
A
(n)
M (x)e
in·Y/R. (6)
Then the gauge interaction term on the brane reads
∫
ddx
∑
n
gψ¯(x)γµψ(x)A(n)µ (x) exp
( in · φ(x)
R
√
τ
)
. (7)
Considering that the Nambu-Goldstone bosons have their fluctuations, the gauge inter-
action term should be rewritten as∫
ddx
∑
n
g e−
1
2
n2
R2τ
∆(M−1) · ψ¯(x)γµψ(x)A(n)µ (x) : exp
(in · φ(x)
R
√
τ
)
: , (8)
where ∆ is the free propagator of φ
∆(x− y) ≡ 〈φ(x)φ(y)〉 = −1
4π2
1
(x− y)2 . (9)
The most interesting phenomena owned by the brane fluctuation is that the effective
coupling gn of the level n KK mode to the four-dimensional field is suppressed exponen-
tially:
gn ≡ g · e−
1
2
( nR)
2M2
f4 . (10)
The origin of this suppression is a recoil effect of the brane. It is this suppression mecha-
nism that makes the constraints on the extra dimensions being substantially loosen.
According to the analysis of [5, 17], although there exists a constraint on the tension
of brane when taking into account the effects of the Nambu-Goldstone boson, it seems
that KK excitations might escape our detections.
However, thanks to the couplings in the bosonic part between the 0 mode and KK
excitations! Since these couplings will not be exponentially suppressed, they can help us
to probe KK excitations. Below we will assume this suppression mechanism for the S1/Z2
case1, and investigate the effects of KK excitations to the bosonic sector of the SM in the
1The suppression mechanism given by the reference [5] is valid for compactified s1, and it is
not very clear whether this assumption can be proper for the S1/Z2 case. However, for the
sake of simplicity, we show in this paper how to conduct calculation under this assumption in
the orbifold compactification case. The computational procedure can be extended to the S1
compactification straightforward.
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brane-fluctuation extra dimension model. For the sake of simplicity, we omit the gravity
part, which should be expected to be small when compared with the Yang-Mills part in
the small extra dimension scenarios. In order to compare and contrast with the SM, we
assume that there is a Higgs doublet field. To get the electroweak symmetry breaking,
the linear Higgs mechanism is assumed. However, considering exponential suppression of
the coupling of the matter on the brane and KK excitations, the tree level mixing angle
among zero mode and KK excitations will be neglected.
III. THE GAUGE BOSONIC SECTOR IN THE EXTERNAL FIELD METHOD
To simplify the consideration, we study the 5D compactified on M4×S1/Z2 [16]. And
we will use the dimension reduction procedure to get the effective theory in 4D. The total
action is formulated as
S5 =
∫
d5x (LYM + Lcontactδ(x5)) , (11)
LYM = = −1
4
W˜MNW˜
MN − 1
4
B˜MNB˜
MN − F
2
2ξ
+ c¯
δF
δα˜
c , (12)
where M ,N = 0 , 1 , 2 , 3 , 5, W˜MN = ∂MW˜N − ∂NW˜M + fW˜MW˜N , B˜MN = ∂M B˜N −
∂N B˜M , W˜ = W (x, x5) and B˜ = B(x, x5), and f is the structure constant of the Lie
algebra (the group index is suppressed). The Lcontact contains the contact terms of the
SM to the KK excitations except for the vector boson field part. The Lagrangian is
formally invariant under the gauge transformation in 5D.
In order to get the effective Lagrangian which is manifestly gauge covariant to the
symmetry of the SM, we use the background field method [18] and split the vector gauge
field V˜M into two parts as (here V = W and B, respectively):
V˜M = V¯M + VˆM , (13)
where V¯M is the classic part, and VˆM is the quantum fluctuation. In the background field
gauge, we have the freedom to choose different gauges for the classic and quantum vector
boson field, respectively. For the classic field, we will use the unitary gauge, which means
V¯5 = 0 (this will be more manifest in the deconstructing model [8], where the Goldstone
boson field is realized in the non-linear way, U = exp
∫
V¯5dx
5. U = 1 is the unitary gauge,
and this corresponds to V¯5 = 0) and V5 will not appear in the Lagrangian. While for the
quantum field, we will use the Rξ gauge and the Vˆ5 does not vanish.
The gauge fixing terms are chosen to be
F (W ) = D¯µWˆµ − ξW∂5Wˆ5 , (14)
F (B) = ∂µBˆµ − ξB∂5Bˆ5 . (15)
where D¯µ = ∂µ + gfA¯µ. To write these two gauge fixing term, we haven’t taken into
account the spontaneous symmetry breaking of the SM. The variation of the gauge fixing
terms under the gauge transformation is given as
6
δF (W )
δαW
= D¯µ(D¯µ + gfWˆµ) + ξW∂
5(∂5 + gfWˆ5) , (16)
δF (B)
δαB
= ∂µ∂µ + ξB∂
5∂5 . (17)
By requiring that the field is unchanged under the orbifold transformation, we can
decompose vector bosons V as
V˜ (Vˆ )µ(x, x5) =
∞∑
i=0
V˜ (Vˆ )iµ(x) cos iθ5 , (18)
Vˆ5(x, x5) =
∞∑
i=1
Vˆ i5 (x) sin iθ5 , (19)
where θ5 = Mcx5, Mc = 2π/Rc, Rc is the radius of the compactified fifth dimension. To
compare and contrast with the SM, below we will omit the index 0 of zero modes and
represent W˜ 0 = W and B˜0 = B, respectively. W and B are the vector gauge bosons of
the SM, respectively. Below we will suppress the bar of the classic background fields.
In order to integrate out the fifth dimension, we decompose the field strength by using
Eqs. (18 and 19). The W˜µν can be decomposed by cos modes and we have
0 mode : Wµν +
(
DµWˆν −DνWˆµ
)
+
1
2
gf
∞∑
i=1
[
W iµW
i
ν + Wˆ
i
µW
i
ν +W
i
µWˆ
i
ν + Wˆ
i
µWˆ
i
ν
]
, (20)
n mode :
(
DµW
n
ν −DνW nµ +DµWˆ nν −DνWˆ nµ
)
+gf
(
WˆµW
n
ν − WˆνW nµ
)
+ gf
(
WˆµWˆ
n
ν − WˆνWˆ nµ
)
+
1
2
gf
n−1∑
i=1
(
W iµW
n−i
ν + Wˆ
i
µW
n−i
ν +W
i
µWˆ
n−i
ν + Wˆ
i
µWˆ
n−i
ν
)
(21)
+
1
2
gf
∞∑
i=1
(
W iµW
n+i
ν + Wˆ
i
µW
n+i
ν +W
i
µWˆ
n+i
ν + Wˆ
n+i
µ Wˆ
n
ν +W
n+i
µ W
i
ν (22)
+Wˆ n+iµ W
i
ν +W
n+i
µ Wˆ
i
ν + Wˆ
n+i
µ Wˆ
i
ν
)
, (23)
where Wµν = ∂µWν − ∂νWµ + gfWµWν , and Dµ = ∂µ + gfWµ. While for B˜µν , we have
0 mode : Bµν + Bˆµν , (24)
n mode : Bnµν + Bˆ
n
µν (25)
where Vµν = ∂µVν − ∂νVµ, with V = B, Bˆ, Bn, Bˆn.
The W˜5µ can be decomposed by sin modes and we have
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n mode : DµWˆ
n
5 + gfWˆµWˆ
n
5 + nMcW
n
µ + nMcWˆ
n
µ
+
1
2
gf
n−1∑
i=1
(
W iµ + Wˆ
i
µ
)
Wˆ n−i5
+
1
2
gf
∞∑
i=1
[(
W iµ + Wˆ
i
µ
)
Wˆ n+i5 +
(
W n+iµ + Wˆ
n+i
µ
)
Wˆ i5
]
, (26)
while for B˜5µ, we have
n mode : ∂µBˆ
n
5 + nMcB
n
µ + nMcBˆ
n
µ . (27)
It is remarkable that there is no zero mode for the sin KK modes for V5µ and it is related
with the assumption of the compactified space-time.
The gauge fixing term of SU(2) is decomposed by cos modes and we have
0 mode : DµWˆµ , (28)
n mode : DµWˆ nµ − nξWMcWˆ n5
+
1
2
gf
n−1∑
i=1
(
W iµ + Wˆ iµ
)
Wˆ n−iµ
+
1
2
gf
∞∑
i=1
[(
W iµ + Wˆ iµ
)
Wˆ n+iµ +
(
W (n+i)µ + Wˆ (n+i)µ
)
Wˆ iµ
]
, (29)
and that of U(1) is decomposed as
0 mode : ∂µBˆµ , (30)
n mode : ∂µBˆnµ − nξBMcBˆn5 . (31)
Since we are only interested in low energy physics where zero modes play the main
part, so we will only keep those terms containing zero modes and neglect those pure
interactions of KK excitations. Then after integrating out the fifth dimension, we get the
reduced YM Lagrangian which reads
LeffY M = −
1
4
(2πRc)
[(
Wµν +DµWˆν −DνWˆµ + gfWˆµWˆν
)2
+ gf
(
Wµν +DµWν −DνWµ + gfWˆµWˆν
)
×
∞∑
n=1
(
W nµW
n
ν + Wˆ
n
µW
n
ν +W
n
µ Wˆ
n
ν + Wˆ
n
µ Wˆ
n
ν
)]
− 1
4
(πRc)
∞∑
n=1
[
DµW
n
ν −DνW nµ +DµWˆ nν −DνWˆ nµ
+ gf
(
WˆµW
n
ν − WˆνW nµ + WˆµWˆ nν − WˆνWˆ nµ
)]2
+
1
2
(πRc)
∞∑
n=1
[
DµWˆ
n
5 + gfWˆµWˆ
n
5 + nMcW
n
µ + nMcWˆ
n
µ
]2
8
− 1
2ξW
(2πRc)
(
DµWˆµ
)2 − 1
2ξW
(πRc)
∞∑
n=1
(
DµWˆ nµ − ξWnMcAˆn5
)2
+ (2πRc)c¯
[
−Dµ
(
Dµ + gfWˆµ
)]
c
+(πRc)
∞∑
n=1
c¯n
[
−Dµ
(
Dµ + gfWˆµ
)
− n2ξWM2c
]
cn
+ (πRc)gf
∞∑
n=1
(
Dµc¯nW nµ c+D
µc¯W nµ c
n
)
+ · · ·
− 1
4
(2πRc)
[
Bµν + Bˆµν
]2 − 1
4
(πRc)
∞∑
n=1
[
Bnµν + Bˆ
n
µν
]2
+
1
2
(πRc)
∞∑
n=1
[
nMcBµ + nMcBˆµ + ∂µBˆ5
]2
− 1
2ξB
(2πRc)(∂
µBˆµ)
2 − 1
2ξB
(πRc)
∞∑
n=1
(∂µBˆnµ)
2
+ (2πRc)c¯B (−∂µ∂µ) cB + (πRc)c¯nB
(
−∂µ∂µ − n2ξBM2c
)
cnB , (32)
where the omitted terms are only related to the non-Abelian SU(2) gauge symmetry and
the U(1) part is exact.
By utilizing the rescaling relations
W (B, cW , cB)→
√
2πRcW (B, cW , cB) , g(g
′)→ 1√
2πRc
g(g′) , (33)
W n(Bn, cnW , c
n
B,W
n
5 , B
n
5 )→
√
πRcW
n(Bn, cnW , c
n
B,W
n
5 , B
n
5 ) , (34)
the final effective Lagrangian of 4D reads
LeffY M,4D = −
1
4
[(
Wµν +DµWˆν −DνWˆµ + gfWˆµWˆν
)2
+ Rgf
(
Wµν +DµWˆν −DνWˆµ + gfWˆµWˆν
)
×
∞∑
n=1
(
W nµW
n
ν + Wˆ
n
µW
n
ν +W
n
µ Wˆ
n
ν + Wˆ
n
µ Wˆ
n
ν
)]
− 1
4
∞∑
n=1
[
DµW
n
ν −DνW nµ +DµWˆ nν −DνWˆ nµ
+ gf
(
WˆµW
n
ν − WˆνW nµ + WˆµWˆ nν − WˆνWˆ nµ
)]2
+
1
2
∞∑
n=1
[
DµWˆ
n
5 + gfWˆµWˆ
n
5 + nMcW
n
µ + nMcWˆ
n
µ
]2
− 1
2ξW
(
DµWˆµ
)2 − 1
2ξW
∞∑
n=1
(
DµWˆ nµ − ξWnMcAˆn5
)2
+ c¯W
[
−Dµ
(
Dµ + gfWˆµ
)]
cW
9
+
∞∑
n=1
c¯nW
[
−Dµ
(
Dµ + gfWˆµ
)
− n2ξWM2c
]
cnW
+ gf
∞∑
n=1
(
Dµc¯nW nµ c+D
µc¯W nµ c
n
)
+ · · ·
− 1
4
[
Bµν + Bˆµν
]2 − 1
4
∞∑
n=1
[
Bnµν + Bˆ
n
µν
]2
+
1
2
∞∑
n=1
[
nMcBµ + nMcBˆµ + ∂µBˆ5
]2
− 1
2ξB
(∂µBˆµ)
2 − 1
2ξB
∞∑
n=1
(∂µBˆnµ)
2
+ c¯B (−∂µ∂µ) cB + c¯nB
(
−∂µ∂µ − n2ξBM2c
)
cnB , (35)
where R = 2, which arises from the different normalization factor of zero mode and KK
excitations.
Several features are quite remarkable of the reduced effective Lagrangian in 4D given in
the Eq. (35): 1) In the dimension reduction procedure, the zero modes are still massless,
and the corresponding gauge symmetry is unbroken and is explicit in the background field
gauge. And KK excitations are the adjoint representations of the SU(2) symmetry in 4D,
as pointed out in [19]. To break the symmetries of the zero mode, other assumptions
should be introduced.
2) There are infinite KK excitations. For each massive KK mode, the spectrum is
consisted of a massive quantum field, its corresponding Goldstone field, its corresponding
ghost field, and a massive background field;
3) There are infinite interaction terms among KK excitations which is controlled by
only two gauge coupling constants, g and g′. This structure can not sustain the quantum
corrections even we truncate the infinite KK tower to finite. The intrinsic reason is that
the underlying theory defined in 5D is non-renormalizable, as already pointed out in [2].
4) For the vector boson field of U(1) symmetry, there is no interaction among KK
modes. While for the vector boson field of SU(2) symmetry, there do exist gauge in-
teractions between different KK modes. This fact will bring into some interesting phe-
nomenologies, as we will show below.
5) Due to the momentum conservation of the extra dimensions, every of the interaction
terms between the 0-mode A0 and a KK excitation An contains at least two Ans, as shown
in the Eq. (35).
IV. INTEGRATING-OUT THE KK EXCITATIONS AT 1-LOOP LEVEL
In this section we will extract the effective Lagrangian up to 1-loop level by integrating
out KK excitations. The method we will use is the functional integral. The functional
method to integrate out a heavy DOF is quite standard, and the references [20,21] provide
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the detailed procedure. Normally, the background field method and Stuckeberg transfor-
mation are used to integrate out the quantum DOF. After that, the equation of motion
of the heavy fields are used to eliminate the classic heavy DOF from the Lagrangian.
In [20, 21], the authors use this method to investigate the effect of heavy Higgs bosons,
and in [22] the authors use this method to study that of the heavy Fermion. To integrate
out KK excitations, we assume that KK excitations are massive and heavier than all
particles of the SM.
A. Tree level relations
First we provide the classic equation of motion (EOM) of those background field (BF).
The EOM of the BF of the zero mode is given as
DµWµν −M2WWµ = gf
∞∑
n=1
W µ(DνW
n
µ −DµW nν ) + Jµ(light) , (36)
here Jµ(light) means the currents of light DOFs of the SM which are light compared with
massive KK excitations. While the EOM of the BF of the nth KK excitation is given as
Dµ(DµW
n
ν −DνW nµ )− n2M2cW nν = WµνW nµ +
gn
g
Jµ(light) + · · · , (37)
The omitted terms are terms of KK excitations which can be safely neglected. For vector
gauge boson field of U(1), the EOM is simple. Considering that there is no interaction
among KK excitations of U(1) symmetry and the brane fluctuation greatly suppresses
the interactions between KK excitations and light DOFs, below we will omitted the KK
excitations of U(1) part.
The equation of the motion of a classic KK excitation can be formulated in momentum
presentation as
[(p2 − n2M2c ) + f(W 0)]W nµ = gnJµ, (38)
where p2 is the momentum of the An, and nMc is its mass, f(W
0) includes the terms of
interactions between the 0-mode W 0 and the KK mode W n. The Jµ is the current of the
matters of the SM and gn is the brane fluctuation suppression factor. In the low energy
region, the terms with momentum p will be set to zero, and the W nµ can be represented
by the light degree of freedom as given below
W nµ ≈ −
gn
(n2M2c )
Jµ[1 + f(W
0)/(n2M2c ) + · · ·]. (39)
Therefore, at tree level, after integrating out the massive KK excitations, we will get
terms like
(gn)
2
(n2M2c )
JµJ
µ[1 + f(W 0)/(n2M2c ) + · · ·]. (40)
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By invoking the heavy exponential suppression argument, we regard these terms belong
terms over order O(1/M4c ) and neglect them in our consideration.
At tree level up to O(1), to integrate out KK excitations means to set the field of
KK excitations (both classic and quantum field) to zero, we get the tree level effective
Lagrangian
Leff,treeY M = −
1
4
[(
Wµν +DµWˆν −DνWˆµ + gfWˆµWˆν
)2]
− 1
2ξW
(
DµWˆµ
)2
+ c¯W
[
−Dµ
(
Dµ + gfWˆµ
)]
cW . (41)
This Yang-Mills Lagrangian is the standard one in the background gauge.
Up to the order O(1/M2c ), after integrating out massive KK excitations, we will get
terms like
∞∑
n=1
g2n
(nMc)2
JµJ
µ + · · · . (42)
Under the assumption of brane fluctuation suppression, we regard these terms as terms
higher than O(1/M4c ) and will omit them in the below analysis.
B. Integrating out KK excitations
To extract the effective Lagrangian at 1-loop level, we reformulate the effective La-
grangian given in (35) and only keep those bilinear terms.
L = Wˆµ∆µνWWWˆν + c¯W∆cW cW cW
+
∞∑
n=1
Wˆ nµ∆
µν
WnWnWˆ
n
ν +
∞∑
n=1
Wˆµ∆
µν
WWnWˆ
n
ν +
∞∑
n=1
Wˆ nµ∆
µν
WnWWˆν
+
∞∑
n=1
Wˆ n5 ∆Wn5 Wn5 Wˆ
n
5
+
∞∑
n=1
c¯nW∆cnW cnW c
n
W +
∞∑
n=1
c¯W∆cW cnW c
n
W +
∞∑
n=1
c¯nW∆cnW cW cW + · · · (43)
∆µνWW =
1
2
[
D2gµν − (1− 1
ξw
)DµDν − gW ρσJ µνρσ
]
, (44)
∆µνWnWn =
1
2
[
(D2 + n2M2c )g
µν − (1− 1
ξw
)DµDν − gW ρσJ µνρσ
]
, (45)
∆µνWWn =
1
2
gf [W nµDν − gµνW nαDα + (DµW nν)− (DνW nµ)] , (46)
∆µνWWn = ∆
µν
WnW , (47)
∆Wn
5
Wn
5
=
1
2
(−D2 − ξwn2M2c ) , (48)
∆cW cW = −D2 , (49)
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∆cn
W
cn
W
= −D2 − ξwn2M2c , (50)
∆cW cnW = −gfDµW nµ , (51)
∆cn
W
cW = −gfDµW nµ , (52)
where Wµν =W
a
µνt
a
G, (t
a
G)bc = if
bac is structure constants and the generator adjoint repre-
sentations of the non-Abelian group, and J µνρσ is the generator of Lorentz transformations
on 4-vectors and is defined as
J µνρσ = i(δµρ δνσ − δµσδνρ) . (53)
Linear terms can be eliminated by using the classic EOMs. From the result listed above,
it is apparent that the quadratic operators of KK excitations are very similar to that of
the zero mode.
We have omitted those terms which contribute at two loop level. One feature is
worthy of mention: KK excitations always appear at least in pair due to the momentum
conservation of the fifth dimension. This fact is very important for us to understand the
decoupling behavior of KK excitations. It is also remarkable that there exist mixings
among the quantum fields of KK modes, and in order to integrate out quantum part of
KK excitations we must diagonalize the bilinear terms. (There are also mixings among
different quantum fields of KK excitations which have been omitted, and it is reasonable
according to the auxiliary power counting rule which will be introduced below). Then we
get the one-loop effective Lagrangian by integrating out the massive KK excitations
Leff,1−loopY M,KK =
1
2
∞∑
n=1
lnDet
(
∆˜WnWnδ
(4)(x− y)
)
+
1
2
∞∑
n=1
lnDet
(
∆Wn
5
Wn
5
δ(4)(x− y)
)
−
∞∑
n=1
lnDet
(
∆˜cn
W
cn
W
δ(4)(x− y)
)
(54)
=
1
2
∞∑
n=1
Tr ln
(
∆˜WnWnδ
(4)(x− y)
)
+
1
2
∞∑
n=1
Tr ln
(
∆Wn
5
Wn
5
δ(4)(x− y)
)
−
∞∑
n=1
Tr ln
(
∆˜cn
W
cn
W
δ(4)(x− y)
)
, (55)
where
∆˜WnWn = ∆WnWn −∆†WWn∆−1WW∆WWn , (56)
∆˜cn
W
cn
W
= ∆cn
W
cn
W
−∆†cW cnW∆
−1
cW cW
∆cW cnW . (57)
The signs of the contributions of ghost scalars and normal scalars are different, which is
due to the fact that ghost fields satisfy anti-commutation relations.
To this step, the quantum fields of KK excitations have been integrated out and the
functional trace and logarithm have to be evaluated. There are several methods to deal
with this evaluation [24–27]. Below we will first use the method [26] to analyze those
relevant terms. After doing this, we will use the heat kernel [27] to evaluate the trace and
logarithm.
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C. The auxiliary counting rule
We study the Tr ln ∆˜WnWn first. We have
∆˜WnWn(x, ∂x)δ
(4)(x− y) =
∫
d4p
(2π)4
∆˜WnWn(x, ∂x) exp [ip(x− y)]
=
∫
d4p
(2π)4
exp [ip(x− y)]∆˜WnWn(x, ∂x + ip). (58)
Then, the trace can be determined:
Tr ln
[
∆˜WnWn(x, ∂x)δ
(4)(x− y)
]
=
∫
d4x
∫
d4p
(2π)4
tr ln(∆˜WnWn(x, ∂x + ip)) , (59)
here the ”tr” means the sum over group and spin indices. ∆˜WnWn(x, ∂x + ip) can be
expanded in terms of derivatives,
∆˜WnWn(x, ∂x + ip) =
∞∑
m=0
(−i)m
m!
[
∂m
∂pµ1 · · ·∂pµm
∆˜WnWn(x, ip)
]
∂µ1 · · ·∂µm . (60)
in the ’t hooft-Feynman gauge, it yields an expression like
∆˜WnWn(x, ∂x + ip) = (p
2 − n2M2c )δab +Πab(x, p, ∂x) . (61)
Dropping an irrelevant constant, we get
tr∆˜WnWn(x, ∂x + ip) =
∞∑
m=1
(−1)m+1
n
tr(
Π
p2 − n2M2c
)m (62)
We are interested in those terms caused by the mixing among KK modes. According to
the standard procedure given in [21], when expanding ln ∆˜WnWn(x, ∂x+ ip) we determine
the leading powers of p, W n and Mc for each term generated and introduce an auxiliary
parameter ζ , which counts these powers
pµ → ζ , Mc → ζ , W n → ζ−2 gn
n2g
. (63)
We would like to mention that the W n is not only suppressed by its mass, but also by
the brane fluctuation factor gn/g. This counting rule tells us that the contribution of
∆†WWn∆
−1
WW∆WWn is suppressed at least by 1/M
4
c (gn/g)
22. So we can neglect this term
and extract terms reliably up to 1/M2c . Then the procedure to evaluate the trace and
logarithm is greatly simplified. For the operator ∆˜cn
W
cn
W
(x, ∂x + ip), we have the same
conclusion. So we have
Seff,1−loopYM,KK =
i
2
∫
x
[
trln∆WnWn − trln∆cn
W
cn
W
]
+O(
1
M4c
) . (64)
To get the above equation we have used the relation ∆cn
W
cn
W
= ∆Wn
5
Wn
5
.
2Even though the term trX ≡ tr∆−1WnWn∆†WWn∆−1WW∆WWn can provide contributions of order
M2c and lnMc, these contributions are proportional to 1/M
2
c (gn/g)
2 and lnM2c /M
4
c (gn/g)
2.
Under the assumption of brane fluctuation suppression, we will omit them in the below analysis.
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D. Evaluating the trace and logarithm by using the method of Heat kernel
Now, it becomes easy to evaluate the trace and logarithm by utilizing the method of
heat kernel [27], up to O(p6), which reads
Sloop = − 1
2(4π)d/2
∫
x
{
mdΓ
(
−d
2
)(
traW0 − tracW0
)
+md−2Γ
(
1− d
2
) (
traW1 − tracW1
)
+md−4Γ
(
2− d
2
)(
traW2 − tracW2
)
+md−6Γ
(
3− d
2
)(
traW3 − tracW3
)
+ · · ·} , (65)
where aai are the Seeley-DeWitt coefficients of the corresponding quadratic operators. For
the generic operator of the form ∆ = D2 +M2 + σ, the Seeley-DeWitt coefficients in the
coincidence limit read
a0| = 1 , (66)
a1| = −σ , (67)
a2| = 1
2
σ2 − g
2
12
F µνFµν +
1
6
[Dµ, [D
µ, σ]] , (68)
a3| = −1
6
σ3 +
1
12
(
{σ,D2σ}+DµσDµσ
)
− 1
60
D2D2σ + i
g
60
[DαF
αµ, Dµσ]
+
g2
60
(2{FµνF µν , σ}+ FµνσF µν)− g
2
45
DαF
αµDβFβµ
− g
2
180
DαFβγD
αF βγ − g
2
60
{Fµν , D2F µν} − i g
3
30
FµνF
µαF να . (69)
The a0 terms will contribute divergently but can be removed by redefining the vac-
uum. The a1 term simply vanishes for ∆WnWn and ∆cn
W
cn
W
. The a2 term is non-zero and
contributes to the hidden operators [24] in O(p4), which reads
L1−loopeff (p
4) = −1
2
1
(4π)d/2
∞∑
n=1
(n2M2c )
d−4Γ
(
2− d
2
)
(EC4W − EC4cW )
g2
4
W µνWµν , (70)
where
EC4i =
[
1
3
di(j)− 4ci(j)
]
Ci(G), i = W, cW , (71)
where the Ci(G) is the quadratic Casmir operator of the adjoint representation of the
group, the d(j) is the number of spin components [23] and
d(j) = 1, for scalar(ghost),
= 4, for vector boson. (72)
While c(j) is the trace over spin indices and is defined as
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tr[J ρσJ αβ ] = (gραgσβ − gρβgσα)c(j), (73)
and c(j) has values as given below
c(j) = 0, for scalar(ghost),
= 2, for vector boson. (74)
The hidden operators can be eliminated by redefining the wave-function and gauge cou-
pling of tht zero mode. So we see that up to O(p4), the KK excitations completely
decouple from the low energy observables. The underlying reasons for this decoupling
behavior of KK excitations can be traced back to the momentum conservation of the fifth
dimension and the gauge structure of the Lagrangian given in Eq. (35).
However, up to O(p6), the contribution of KK excitations is non-zero, and we have
L1−loopeff (p
6) = − 1
2(4π)d/2
∞∑
n=1
(nMc)
d−6Γ
(
3− d
2
) [(
EC6W − EC6cW
)
O61
+
(
FC6W − FC6cW
)
O62
]
= c61O
6
1 + c
6
2O
6
2 , (75)
where
O61 = g
2(DµW
µν)a(DαWαν)
a , (76)
O62 = g
3W aµνW b αµ W
c
ναf
abc (77)
EC6i =
1
30
[−di(j) + 10ci(j)]Ci(G), i =W, cW , (78)
FC6i =
1
180
[2di(j)− 15 (c′i(j) + 2ci(j))]Ci(G), i = W, cW , (79)
with
c′(j) = 0 , for scalar(ghost) , (80)
= 8 , for vector boson . (81)
which is defined from
tr(J µνJ ρσJ αβ)W aµνW bρσW cαβfabc = −ic′(j)W aµνW bρµ W cνρfabc . (82)
To get Eqs. (70) and (75), we have used the partial integration, the Bianchi identity
which reads
DµWνρ +DνWρµ +DρWµν = 0 , (83)
and the relations of adjoint representations
tr[taGt
b
G] = C2(G)δ
ab , tr[taGt
b
Gt
c
G] = i
C2(G)
2
fabc ,
[Dµ, Dν] = D
ae
µ D
eb
ν −Daeν Debµ = −igW cµν(tcG)ab . (84)
It is remarkable that the contribution of a vector boson is much larger than that of a
scalar (ghost), since a vector boson has four components and has a spin coupling with the
background field, the contribution of which is represented by c(j) and c′(j).
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V. DISCUSSIONS AND CONCLUSIONS
We know that the low energy oblique parameters, U, S, and T [28] always put a
very stringent constraint on the possible new physics [29]. According to the standard
electroweak chiral Lagrangian up to O(p4) [30], U, S, and T are related with the coefficients
of operators up to O(p4). While the result given in the Eq. (70) tells us that at the O(p4)
order, these low energy precision tests will not put any constraint on the brane-fluctuation
and deconstructing-extra-dimension models.
The operators O61 and O
6
2 belong to the contact operators in the complete set of
operators of order O(p6) [14]. The EOM of the zero mode given in Eq. (36) can change
the operator O61 to the following form
O61 = g
2
[
m2WWµ + Jµ(light)
] [
m2WW
µ + Jµ(light)
]
(85)
Then form the Eq. (85) we know that KK excitations can contribute to the low energy
fermion scattering processes.
The operatorO62 will contribute to the anomalous trilinear vector couplings (sayWWZ
and WWγ), the anomalous quartic photonic vector couplings (WWγγ and WWZγ) and
higher order gauge couplings.
In 5D, the operators O6i will contribute convergently even when the KK excitations
are infinite, since the sum
∞∑
n=1
1
n2
=
π2
6
, (86)
is finite. But in higher dimension, i.e. (4 + δ)D and δ ≥ 2, the sum is given by
sumKK ≡ 1
2
∞∑
n=1
1
~n2
≈ π
δ
2
Γ
(
1 + δ
2
) ∫ NUV
n=1
nδ−3dn ,
≈ π
2
lnNUV , for δ = 2;
≈ π
δ
2
2Γ
(
1 + δ
2
) 1
δ − 2
(
N δ−2UV − 1
)
, for δ ≥ 3 , (87)
then the operator O6i will contribute divergently and the meaningful theoretical prediction
can only be made when the explicit ultraviolet cutoffMUV is chosen (the relation between
NUV and MUV is given as NUV =MUV /Mc). This fact reflects that the brane fluctuation
suppression mechanism can work well at tree level. But at loop level and in the bosonic
part, a more radical mechanism is needed in order to regularize the divergences brought
into by the infinite KK towers.
For the general (4+δ)D extra dimensions model with brane fluctuation, the coefficients
of the operators O61 and O
6
2 will depend upon the number of extra dimensions δ, the size
of the compactification scale Mc, and the explicit ultraviolet cutoff MUV of the effective
theory.
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The magnitude of c6i is determined by the loop factor 1/(16π
2), theM2c , the symmetric
factor 6, the EC6i , and the sum over KK excitations. The loop factor is about 10
−2, theM2c
is assumed to be in the range of 0.5 ∼ 1 TeV and can provides a factor about 10−5 ∼ 10−6
GeV −2, and the EC6W are about 3. If we take Mc = 500 GeV, MUV = 10 TeV, and δ = 2,
the c6i ≈ 10−6 ∼ 10−7 GeV 2; if we take Mc = 500 GeV, MUV = 10 TeV, and δ = 4, the c62
can reach 10−3 ∼ 10−4 GeV −2.
The present experimental accuracy on the anomalous triple vector coupling λV [31] is
of order −6.2× 10−2 ∼ 1.47× 10−1 [32]. The relation between λV and c62 is given as
g2c62 =
λV
M2W
, (88)
And the λV can be expressed as
λV = 6× αW (MW
Mc
)2
(
FC6W − FC6cW
)
sumKK ,
≈ 1.× 10−2( Λ
Mc
)2sumKK , (89)
where Λ = 1 TeV. If we take Mc = 0.5 TeV and δ = 1, the value of λV is 1.× 10−3. The
typical value of λV is of order 10
−3 ∼ 10−4 which is within the reach of 500 GeV LC [33]
and LHC.
About the anomalous quartic coupling, according to the analysis of [15, 34], operator
O62 can be in principle be detected via the process e
+e− →W+W−γ. Present experimental
accuracy from LEP2 is of 10−2 GeV −2 and will increase to 10−5 GeV −2 at the LC and
LHC.
We would like to mention that if the extra dimension(s) are compactified on T δ torus,
the contributions of KK excitations will double. Because there are not only the contribu-
tion of cosine modes but also sine modes for each field in the bulk.
In conclusion, we study the bosonic part in the brane fluctuation model where the
couplings of the fermionic and bosonic currents on the brane and KK excitations are
exponentially suppressed. Since the couplings among vector bosons do not suffer this
substantially suppression, they could help us to probe extra dimension in the future LC
and LHC. But due to the momentum conservation and the gauge structure of zero mode
and KK excitations, up to O(p4), KK excitations decouple from the low energy physics.
However, up to O(p6), it is still possible to detect the effects of KK excitations through
precision measurement of the bosonic sector of the SM in LHC and LC.
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